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Executive Summary

This document describes the Simplified Py methods implemented in Denovo.

1 Introduction

The Simplified Py (SPy) approximation is a three-dimensional extension of the plane-geometry Py equa-
tions. It was originally proposed by Gelbard [1] who applied heuristic arguments to justify the approximation.
Since that time, both asymptotic and variational [5] analyses have verified Gelbard’s approach.

In this note we derive the S Py equations using the original method of Gelbard. The presentation closely
follows Refs. [4] and [6].

2 Py Equations

We begin the derivation of the planar Py equations from the steady-state, one-dimensional, monoenergetic
transport equation,

oY (x, A x
P s o@oten) = [ (e 2 oo ) a + L2 )
oz e 4dr
with boundary conditions,
1/’(1',11) :qub(xau) y X eav. (2)
Here, the standard definitions hold:
Wz, 1) angular flux in particles-cm=2-str—!
o(x) total interaction cross section in cm™!
os(x,§2- Q') scattering cross section through angle g = Q - €/
q(x) isotropic source in particles-cm™3

The Py equations are obtained by expanding the angular flux and scattering in Legendre polynomials (this
requires spherical harmonics in two and three dimensions and non-cartesian geometry):

RS S TS )
n=0
os(po) = Z 271: lasmpm(NO) ) (4)
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where g = - €. In what follows we shall make use of the following properties of Legendre polynomials:

2 .
/ P W) dp = ot 16nm , (orthogonality) (5)
2n+ DuP,(n) = (n+ 1)Pn+1( )+ nP,_1(u), (recursion) (6)
Ao , .
P(2-€Y) = o1 Z Y ()Y (), (addition theorem) (7)

Expanding the addition theorem we obtain
l
Yio(@)Yi5(2) + Y (Yim (YL, () + Vi ()Y, ()

m=1

47
2n+1

(- Q) =

In planar geometry there is no azimuthal dependence and only m = 0 terms are required. Also, the spherical
harmonics reduce to Legendre polynomials in planar geometry,

120 +1 20+ 1
4x 0 4r !

Combining these two equations, the addition theorem in planar geometry is

P2+ ) = Piluo) = P(w)P(Y) (8)
1
b =2 [ Paluidn. )
-1
Applying the expansions in Egs. and in Eq. gives
0 2n+1 2n+1
Hoe [Z onPu(p) | + 0D = —0uPulp) =

1
2m +1 2n+1 q
QWKIZT%um(uo)Z i Pl i’ + — ., (10)

where we have suppressed the x dependence. The Py equations are obtained by multiplying by P,,(u) and

From orthogonality we have

integrating by f_ll dp. Equation @) is used to remove pP, from the derivative term. Equation @) is used
in the scattering expansion to remove the py dependence. Orthogonality is used to remove all the remaining
Legendre polynomials. The resulting system of equations is

a% [#¢ o 111%“} - Snbn = @b, n=0,1,2,...,N, (11)
where

Y =0 — 0y - (12)
Equation defines a system of N + 1 equations that requires closure in order to deal with the ¢, 41
term in the differential operator. The common method for closing the equations is to set this term to zero,
¢n+1 = 0. As an example, the P3 equations are

%(%) + Xogo = q,

%82(450 +2¢2) + X161 =0,

. (13)
10
*%(2% +3¢3) + 22 =0,

10

7 +—(3¢2) + X343 =0.
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2.1 Py Boundary Conditions

For this work we consider 3 types of boundary conditions:

e vacuum
e isotropic flux
e reflecting

For vacuum and isotropic flux we will employ the Marshak boundary conditions. The Marshak conditions

approximately satisfy Eq. at the boundary and are consistent with the Py approximation. The generalized
Marshak boundary condition is

2m [ P(p)y(p) dp = 277/ Pi(wo(p)dp,  i=1,3,5,....N. (14)
Hin Hin
Expanding 1 using Eq. gives
Y on 41
o [ Pi(p) ) o OnPn() di = 277/ Pi(p)w(p)dp,  i=1,3,5,...,N. (15)

Hin n=0 T Hin

Equation yields (IV +1)/2 fully coupled equations at each boundary. Thus, it fully closes the N +1 Py
equations given in Eq. .

Once again, as an example we consider the P3 equations. The Marshak conditions on the low boundary
are derived using

1 3 1

o / P1<u>;2”4j1¢npn<u>du=2w / Py () (1) dp (16)
1 3 1

o / P3<u>;2”4j1¢npn<u>du=2w / Py(1) (1) dp (17)

Assuming an isotropic flux on the boundary,

Pb
- > 1
o) = 52 (18)
the P3 Marshak boundary conditions are
1 5 1
§¢0 +¢1+ §¢>2 = §¢b ) (19)
1 5 1
—§¢0+§¢2+¢3 = _§¢b~ (20)

As stated above, all of the moments are coupled in the boundary conditions. For a vacuum condition, ¢y, = 0.
Reflecting boundary conditions are more straightforward. The only conditions that make physical sense
in this case is to set all the odd moments to zero

¢; =0, i=1,3,5,...,N. (21)
In the P; approximation this is equivalent to setting the current to zero at each boundary. From Eq. @[)

1
¢>1=27r/1uw(u)du==7=0- (22)

This treatment also yields (IV + 1)/2 equations on each boundary and effectively closes the system.
We note that both of these boundary treatments contain asymmetric components when N € {even}.
Thus, we only consider odd sets of Py (SPy) equations.
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3 SPy Equations

As mentioned in §[I]the SPy method is based on heuristic arguments; however, several studies have performed
both asymptotic and variational analysis that have confirmed the original ad hoc approximations. In this
note, we shall apply the heuristic approximation. The reader is directed towards Refs. [2H4] for more details
on asymptotic derivations of the equations and Ref. [5] for a variational analysis of the SPy equations.

In the notation that follows we will employ the Einstein Summation convention in which identical indices
are implicitly summed over the range 1,...,3,

3
i=1
To form the SPN equations the following substitutions are made in Eq. :
® 5 _) Bx ’
° convert odd moments to ¢, ;,
e use odd-order equations to remove odd moments from the even-order equations .
For boundary conditions a similar process holds except that :i:a% — nia%,;v where i = n;i+n;j+nik is the

outward normal at a boundary surface and p — |Q -n|. Using Eq. and the rules described above, we
have

0 n+
n—1,: n 7 En n — 677, ) - ,2,4,...,N, 24
3x1{2n+1¢ Lt o, +1¢’“}+ Pn = d0no n=0 (24)
0
b)) = =1 ...,N. 2
8:102 |:2n+1¢n 1+2 +1¢n+1] + n¢nz 0, n ,3,9, , ( 5)
Using Eq. (25)) to solve for the odd moments gives
1 0 n+1
P Enaxz{2n+1¢ R T e (26)
Substituting Eq. into Eq. gives
0 n 1 9 /n-1
B ox; [2n+1%,_1 axl( 2n — ¢n 2+ (ZSn)
n+1 1 8 n+1 n+2
2n+1%,41 3xi(2n+3¢n 2n+3¢"+2>]+

En¢n:q6n0> m=0,2,...,N. (27)
Equation gives the (N 4+ 1)/2 SPy equations. Each equation has a diffusion-like form. The boundary

conditions are derived in the same manner, and Eq. (26) is used to remove the odd moments.

3.1 SP; Equations

In all that follows, we will use the SP; equations as a model system. From Eq. the four (N +1)/2)
S P; equations are

-V —V((Zﬁo +2¢2) + Lodo = q ,

V- [ V60 + 209) + g V(302 +464)] + D =0,

153 3533 (28)
-Vv- {7V(3¢2 +4¢4) + > V(5¢4 + 6¢5 } + X494 =0
6333 992 ’
6
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where we have converted 8 -a; = V - a. The diffusion-like nature of Eqgs. is more easily understood by
making the following change of variables:

Ul = ¢+ 202, Uz =3¢2+4¢s, u3=5¢s+6ds, us=Tos. (29)

The inverse of this system is

d)—u—gu —&—éu—ﬁu P2 = fu 4u +§u P4 = fu 0
0= U= Uy gly T gglia Q2 = Uz — R Us T opla Q4= U3 T o

Using Eqgs. and in Eq. gives the following system of equations in terms of ,

1
Uy, g = Zuas (30)

4
~V - DpVun + Y Apmtin = Qn, n=1,2,34, (31)
m=1
where
T
u= (u1 Uy U3 u4) , (32)
1 1 1 1 \T
D= (T 7S 11%s 1527) ) (33)
T
Q=(¢ —3¢ %1 —30) . (34)
and
(X0) (—2%0) (£30) (—32%0)
(=3%0)  (5%0+ 3%2) (—12%0 — 5%2) (365 %0 + 57 %2)
A fr—
(%20) (_gzt)_%E?) (22520+ 22"’%24) (- 5220 10522 17524)

(_%20) (105 Yo+ a1 22) (= },5220 - 105 ) (122026520 + 24522 + 132224524 "’ 26)
(35)
Equation are the SP; equations that we will use in the remainder of this paper. This system reduces

to the SP; (diffusion) equation by setting ¢o = ¢4 = ¢g = 0,

175

1
-V ﬁvébo + X0 =q. (36)

Equivalently, the SP3; equations are obtained by setting ¢, = ¢¢ = 0 and the SPs; equations result from
setting ¢g = 0.

The P; Marshak boundary conditions are obtained by carrying out the integrations in Eq. using the
isotropic boundary flux condition in Eq. :

1 5 3 13 1
=¢o+ @1+ *¢2 - *¢54 +

5 @% = §¢b ,
1 81 13 1
—<¢o + ¢2+¢3+ o ®s— — P = — =P,
8 128 64 8
1 25 325 1 (37)
T6¢0 - §8¢ 128¢4 + o5 + 12<l5 T6¢b ,
105 5
—m%-f— ¢2—7¢ +m¢6+¢7—_@¢b~

Using Eq. to remove the odd-moments ({¢1, @3, @5, ¢7}) from Eq. and applying Egs. and
and the SPy boundary approximation,

:I:%%n v,
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gives the SP; boundary conditions,

4
n- D, Vu, + ZBnmum:sn, n=1,234. (38)

m=1

Here, u,, and D,, are defined in Egs. and . The right-hand side source, s, is defined

_ (1 1 1 5 T
s = (§¢b —§¢b ﬁd)b —m¢b) , (39)
and B is
1 _1 1 __5
2 8 16 128
_1 e _ A1 1
8 24 384 16
B-=— (40)
1 41 407 _ 233
16 384 1920 2560
5 1 _ 233 3023
128 16 2560 17920

Performing the same truncation as above for the SP; equations, the boundary conditions become

1 1 .
by —=-h-J =40 41
4¢0 211 J ( )
where )
i ®p ®p
=2 —du = -—
j 77/0 P =1
and
J,=-D,Vu, . (42)

This is the standard three-dimensional diffusion Marshak boundary condition, and Eq. is Fick’s Law.
The Py boundary conditions for reflecting surfaces are given in Eq. . Applying the SPy approxima-
tion to these boundary conditions yields

Vu,=0, n=1,2234. (43)

This implies that n -J = 0 on the boundaries.

In summary, the SPr equations are given in Eq. and yield (N+1)/2 second-order equations. The SP;
Marshak boundary conditions are given in Eq. for vacuum and isotropic boundary sources. Equation
gives reflecting boundary conditions. Each boundary condition yields (N+1)/2 first-order (Robin) conditions
that closes the system of S Py equations.

4 Finite Volume Discretization

The general form for the SP; equations is given in Eq. (31) with Marshak boundary conditions defined in

Eq. and reflecting boundary conditions given by Eq. (43]). Applying Fick’s Law (Eq. ) to Eq.
gives
4

VeJnt+ D Apmtim =Qn, n=1,2,34. (44)

m=1
To begin the finite-volume spatial discretization, consider the three-dimensional, orthogonal, Cartesian mesh
cell illustrated in Fig.[l] Integrating over volume yields, with piece-wise constant A,

4
/ V-J,dV + Z Anm,ijkUm,iikVijk = Qn,ijkVijk » (45)
1%

m=1
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(6 —1/2,5 —1/2,k+1/2) (6 —1/2,5+1/2,k+1/2)

(i4+1/2,5 —1/2,k +1/2) ! (i4+1/2,5+1/2,k+1/2)

(i—1/2,j—1/2,k—1/2).: (i —1/2,j4+1/2,k —1/2)

Ay

(i41/2,5 —1/2,k —1/2) (i+1/2,5+1/2,k —1/2)

Aj

Figure 1: Three-dimensional, Cartesian mesh cell.

where )
U, ijk = 7/ Up dV (46)
’ Vijk Jv
and
Vit = DAy . (47)
The Divergence Theorem gived]]
6
/V~JndV:fﬁ-JndA:Zﬁf-JnyfAf, (48)
1%
f=1

where f is the index over faces such that f € {1,...,6} as illustrated in Fig. Applying these terms to
Eq. gives the discrete balance equation for Eq. (44):

(Jnyit1/2 = Injim1/2) DAk + (Jnjr1/2 = Inj—1/2) i+

4
(Tnes1/2 = Tn—172) i + D A ijitim, ik Vije = QnijeVije - (49)
m=1
Here, we have written the face-edge currents with suppressed subscripts as follows:
Jnjit1/2ik = Jnit1/2,
Jnij12k = JInjt1/2
Jnijht1/2 = JInk+1/2 -

The same convention will be applied to all face-edge quantities.

1Note that i = n;i+ n;j+nik is the outward normal whereas the ,, subscript indicates the index of the moment equation,
n € {1,2,3,4}.
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JAVEEY Ay AVER]

1—1/2 I+1/2

Figure 2: Difference mesh along a single direction I € {i, j, k}.

Jl;1/2 1+1/2
° — °
TF [ e o

Figure 3: Illustration of continuous current at inter-cell boundaries.

Applying second-order differencing to Fick’s Law, Eq. , in each direction as illustrated in Fig. [2| gives

Unp — Unp,
Jniv1/2 = —Dn,l+1/2%
1+1/2
Un,l — Un, -1 (50)
T i =—-D, et L Lt
A—1/2 J1—1/2 A171/2
where A4 A
Al+1/2 = % )
A+ A (51)
A171/2 = 9

for I = i,7,k. The true current is the first moment of the angular flux and is formally obtained only in the
case of SP;. However; these equations represent effective currents that are mathematically indistinguishable
from the true current in higher order S Py expansions. Plugging Eq. into Eq. gives

D it+1/2 D 12
ﬁ(un’uk ~ Unit1ge) BB+ ﬁWwﬁk — U i1 k) A Ag+
1 i
D J+1/2 D 12
A7”7//@”71.]% - umijﬂk)AiAk + Anji//(un,ijk — Unij—1 ) A AR+
Jj+1/2 i 1/2
D Jk+1/2 D h1/2
A”i/(un,zjk — Un,ij k+1)AiAj + Ani/(un,ijk — Unij k—l)AiAj—l—
k+41/2 ho1/2
4
Z A ijkUm,iikVijk = @Qn,ijkVije - (52)
m=1

In order to complete the derivation of the discrete equations, the cell-edge diffusion coefficients must be
calculated. To make the method consistent, the scalar and first derivatives must by continuous at inter-
cell boundaries. This condition implies that the effective current, J, is continuous across the boundary as
illustrated in Fig. 3| Applying continuity of current at the [ £ 1/2 boundaries requires

_ 7t
Jn,l:l:l/Z - Jn,l:tl/2 ’
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which results in the following conditions

Un,i+1/2 = Un,l Un,i+1 — Up 14+1/2

_op,, tr2 Tl 9p 53
AY i JAVESY (53)
Up,1—1/2 — Uni-1 Un,l — Un,1—1/2
—2D,, - =-2D,,————=. 54
i-1 A 1 A (54)
Solving for u,, ;41,2 gives

" _ Dy 411U 141 + D Ajp1tn (55)

mi+1/2 Dy Aig1 + Dy 14\ ’
" _ Dy A qun; + Dy 1 Ajun 11 (56)

mi=1/2 Dy 1A+ Dy Ay ’

Plugging these face-edge fluxes into J; 141/2 and setting the resulting face-edge currents equal to the discrete
currents defined in Eq. yields expressions for the face-edge diffusion coefficients:

Dy 1 Dn A+ Dy Dy 1 A4

Dn = ’
172 Dy Ary1 + Dy N
D _ Dy D11+ Dy Dy 18121 (57)
md=1/2 Dy i1+ Dy Ay
l=ijk.

Having defined face-edge diffusion coefficients that preserves continuity of the first derivative (effective)
at inter-cell boundaries, the complete discrete S Py equations can be formulated. Plugging Eq. into

Eq. gives

- Crtiun,i-i-ljk = O Uni—1jk — C:;jun,ij+1k —C jUnij—1k — C:;kun,ij k41 — Oy pUn,ij k-1
4
+ - + - + - _ _
Z [Anm,ijk + (Cm,z + Cm,i + Cm,j + Cm,j + Cm,k + Cm,,k)énm] Um,ijk = Qn,ijk y N= 17 27 37 4. (58)

m=1

The matrix C couples the angular moments, u, in space and is defined

C+l _ 2Dn,l+1Dn,l
W A(Dp Ay 4 DA
o 9D, D11 (59)
b A (Dng 1A+ D gAy)
l=i k.

Equation is the discrete SP; equation. For all N > 1 the equation couples all of the angular moments
through A.
All that remains to complete the discrete description of the problem is to incorporate the boundary

conditions given in Eqs. and . Using Fick’s Law in Eq. gives

4
—-n-J, + ZBnmumzsna n=1,23,4. (60)
m=1
At the low and high boundaries this yields
4
Jni/2 = Sn1 — Z Brmtm,1/2 Low Boundary , (61)
m=1

4

Jp+1/2 = ) Bumtim, 412 = Sn.L High Boundary , (62)

m=1
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where [ € [1,L] is the range of cells in each direction such that I = 1/2 is the low-edge boundary and
I =L+ 1/2 is the high-edge boundary. Also, we have suppressed the complimentary directional subscripts.
As before Eq. is discretized at the boundaries yielding

Un,1 — Un,1/2

Jnij2 = —2Dp1— A, , (63)
Up,L+1/2 — Un,L

Because all of the moments are coupled at the boundary, it is necessary to include the edge-fluxes in the
solution vector. Thus, we require additional equations at the boundary to close the system. Equating the
current equations at the low and high boundaries gives

4
2D, 2Dy,

Z (Bnm + 7’15nm)u7n 1/2 — 2 Un,1 = Sn Low Boundary ) (65)

Aq ’ Aq ’

m=1
4
2D, 2D, .

Z (Bnm + 7’L(5nm)um L41/2 — L = s, , High Boundary . (66)

Ap ’ Ap '

m=1

For boundaries described by Marshak conditions, Egs. and are used in Eq. for the edge-currents
and Egs. and provide the additional equations for the edge-fluxes.
Reflecting boundary conditions for the SP; equations are given in Eq. . These imply that

a2 =0, (67)
172 =0. (68)

These boundary currents are used to close Eq. on reflecting boundary faces.

5 Multigroup SPy

The derivation of the SPr equations and the accompanying finite volume discretization has been for energy-
independent or, equivalently, one-group problems. To include energy dependence we apply the multigroup
approximation [7] to Eq. :7

q’(z)
a7’

#377!19 (z, 1)

ox (69)

G
ot @) () = Y / 099 (2, Q- )09 (2, V) dY +
g 4

where g = 0,1,...,G is the energy group index for Ny total groups. Applying the Py method described in
§ and then making the S Py approximation gives multigroup analogs of Eqgs. and

od1.n 4 n+1 . o
‘ dgqr — 0% )% = q%0no , =0,2,4,...,N,
63@ [2n—|—1 ”_17l+2n+1 n+1 l:| +ZJ Osn )¢n q 0 n 0 (70)
0 noog n+1
20+ 1 Ogg' — 5 = =1 o N 1
axi[Zn—i—l ”*1+2 +1 "+1}+ZU odl ey, 0, n , 3,5, .., (71)
Defining
T
= o . 69T )
T
(I)n,i:( %71' }hi ﬁi) , (73)
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and 0 00 01 0G
(U - Usn) “Osn s “Osn
—oly (o' =ol) .. ol
3, = (75)
—o5) —o! (09 —a57)

Thus, ®,, and ®,, ; are (N, x 1) vectors and 3 is a (IV, X N,) matrix. Solving Eq. for ®,, ; and plugging
into Eq. gives the multigroup S Py equations

0 N -1 8(71—1 n

- o, @n)
ox; 2n+1( "71)8@ 2+ +

2n —1 2n —1
n+l 4.0 /n+1 n+ 2
— (X — (7<I> — )
o1 ) g\ 2 g B T g B ]+

3.9, =qdpo, m=0,2,....,N. (76)
Equation is identical in form to the monoenergetic SPy equations in with the exception that

unknowns are vectors of length N, and the cross sections are (N, x N4) matrices.
Now, we make the same algebraic transforms as Eqgs. and to define U,,

U =90 +2P,, Uy =3P;+4%,, Us3=5P,+6Ps, Uy=7Pg. (77)
The effective diffusion coefficients in the multigroup problem are (N, x N,) matrices and are defined
1 1 1 1
Dy =-27", De==%3", Dy=—3%', Dy=—%;". 78
1 3 1 2 7 3 > 3 11 5 4 15 7 ( )
The source is a (N4 x 1) column vector for each moment,
2 8 16
= = —— Q = — = — — . 79
Ql q, Q2 3q7 QS 15(1> Q4 35q ( )
The resulting multigroup SP; equations are
4
VD, VUp + > ApmUpn =Qn, n=1,2,34, (80)
m=1
where each A, is a (N; x Ny) block matrix. The effective Fick’s Law for these equations is
Jn = _DnVUn 5 (81)

where J is a (N, x 1) vector.
Applying the same discretization from § [4|to Eq. gives the multigroup equivalent of Eq. :

Gnjiv172 = Tnjic1/2) B0k + (T ji1/2 = Tnj—1/2) DiAp+
4
nkt1/2 = Ink—1/2) i + Z A iikUnm i Vije = QnijeVije . (82)

m=1

Discretizing Fick’s Law gives

Jn,l+1/2 = - Dn,l+1/2(Un,l+1 - Un,l) 5

AVERYZ:
1
v]]n — = 77]])7; — [Un, 7Un, -1)
1-1/2 A1s d—1/2(Uny -1)
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Using the same technique to solve for the edge diffusion terms, but recognizing that these are (N; x N)

matrices in the multigroup problem, yields an analog to Eq. :

Dy 14172 _
TW(Un,H-l - [Un,l) - 2Dn,l+1(Aan,l+1 + Al-{-an,l) 1Dn,l(Un,l+1 - Un,l) 3
1+1/2

Dn,l—l/Z(

A Upt—Upio1) =20, ) (AD 1 + A 1Dy ) ' Dy 1 (U — Upgq) -
1-1/2

Applying these terms in Eq. and gives the multigroup analog to Eq. :

+ - + - T -
= CLiUnit1jk — CL Uik — C iUnijrie — C i Unij—1k — €y Unijerr — C pUnjije—1+

4
[Anm,ijk + ((C + (C + (C»,J:L i + (C CTtL,k + (C;/L,k)anm] Um,ijk = Qn,ijk ) n= ]-a 27 Sa 4 )
m=1
where 5
C:l = EDn,lH(AZDn,lH + Ap1Dy ) Dy,
_ 2 _
Ci= EDn,l(Aan,l—l + A1 D) Dy,
l=1,5,k.

Recall that all terms in A notation are N,-dimensioned matrices or vectors. Thus, we have
(Ng X Ng)(Ng x 1) = (Ng x 1)
The multigroup Marshak boundary conditions, following Eq. are
4
—f- Jn + Z By U = Sn 5

m=1

where the B,,,,, are (Ny X Ny) diagonal matrices with By, from Eq. on the diagonal and,

s= (40 o) ... ¢9)",

and 1 1 1 5
S1=§S, ng—gs, SgZES, S4=—ms

Following the process that lead to Eqgs. and using the multigroup formulation gives

4
2
Z (Bnm + —D, 15nm)Um,1/2 — A—Dn’ﬂUn’l =S,, Low Boundary ,
1
m=1
4 2 9
> (Bum + 5—Da Lanm)Um £t1/2 = 5D, Unp =Sy, High Boundary .
m:1 AL k) 3 AL 1) )

At the problem boundaries, the following equations provide the edge currents in Eq.

2
Tnij2 = _EDn’l(UnJ —Un/2), Low Boundary ,

2 .
Jn,L+1/2 = _EDn,L(Un,L+1/2 ~Un,uz), High Boundary .

(84)

(85)

(86)

(87)

(90)

(91)
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Likewise, reflecting boundary conditions are imposed in the following:

Jn1p2=0, Low Boundary , (94)
Jnr412=0, High Boundary , (95)

which get used in Eq. at reflecting boundaries.
Applying these conditions at the boundaries gives

2
Coi= pDn,l ., Low Boundary,
1
(Ci,L = KZQDn,L , High Boundary , (96)
I—i k.

where Uy, ;-1 — U, 1/2 and Uy, 141 — U, 111/2 at the low and high boundaries, respectively. Equations
and provide the additional equations for the the edge fluxes and are used to close the system. On
reflecting boundaries we have

C,1=0, Low Boundary ,
(C;L =0, High Boundary , (97)
l=1,j5,k.

No additional equations are required to close the system because the edge fluxes vanish.

6 Eigenvalue Form

The eigenvalue form of the 1-D transport equation, Eq. , is

o9
p O 4 () (0, ) =
G
> / 099 (2, Q- Q)9 (2, ) dY +
0 4

g'=

< X7
> | vot @ wag . (o)

w\H

Expanding the eigenvalue term using the Eq. and applying the orthogonalization property in Eq.
yields

l\J‘X

du
-1

G G 1
%Z / I/O'f )1/)9 (2, Q) dY = %Z / Z/O'? [Z 2n+1¢n Po(p)

(99)

7 ’
g
voi ¢2 ono -

T =

MQ u
5%

’

0

Q

The eigenvalue form of the Py equations proceeds by using this term for the source term in Eq. . Applying
the S Py approximation described in §§ [3| and [5] to the resulting multigroup, eigenvalue Py equations gives

0 n 1,0 /rn—1 n
_ - e <I>n)
oz; 2n—|—1( ”*1)8@(271—1 A — +
n+l ;.0 <n+1 n+2
nrl (T, P2 )
2n—|—1( "'H)&ri mt3 " Taonpaint) |t

1
S0y = Fludp, m=0.2....N. (100)
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The fission matrix, F is defined

0,,,0 0,,,1 0,,,G
X'vog X VO ... X VOg
1,0 1,1 1,,.G
X Vog  X'VOp ... X VOy
F =
XGVO'? XGVO'fl e XGl/O'fG

Converting the state unknowns from ® — U via Eq. gives the following eigensystem,

4 4
1
-V -D, VU, + § AnmUm = % § FrmUnm , n=1, 27374 3
m=1

m=1
where ) N %
F —gF EF —%F
_2 4 _ 16 32
3 F 9 F 45 F 105 F
F =
8 16 64 128
EF - EF 225 F T 525 F
16 32 128 256
35F 105F 525F 1225F

7 Adjoint Form

The adjoint form of the 1-D transport equation, Eq. , is

_Mawg(m, 1)

g tg S 990 . O et 9 ’ ;L q(x)
s @t =Y [ ot @ )t ey aer + T

47

where 919 is the adjoint flux for group ¢. Likewise, the adjoint form of Eq. is

o9 (z,
— MM +09(2)t 9z, p) =
Ox
a
Z/ of 9(a, Q- Q)1 (2, Q) A + Z / vod(2) o1 (2, ) dSY .
g'=0 4
Applying the Py approximation to Eq. (104) gives
0 n+1 , ,
_8$[2n+1¢ 2+ 1 "+1] +Z 0905y — 04NN =q'90,0, n=0,1,2,...,N.

Following the steps in §§[3] and [5 the adjoint SPy equations are

0 n n+1 , ,
_3‘%’ [2TL—|— 1¢n 1,7 2’)’L+ 1¢n+1 z] + Z(Ugégg/ — Ugng)d)Lg = ngénOa n=0,2,4,...,N,
1 g/
3 ’n,+1 ’
833 {2’[7,4— 1¢ 2n+ 1 ”+1} Z 095 9" = Ugng)d)jl,gi =0, n=135...,N.

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)
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Using Eq. 1) to solve for the q&Lf’i terms and substituting into Eq. 1’ gives

0 n 0 rn—1 n
_ 9 st -1 (7@ q)T)
8:17i[2n+1( n-1) oz \2n 1 m 2t g, %)

n+1l o+ 1 0 (n+1 i, nt2
nre ® ® )
2n+1( nt1) Ox; \2n + 3 "+2n—|—3 ni2)| T

el =qfd,0, m=0,2,...,N, (109)

where
of = (o1 o' ... 99", (110)
ol = (sl% ok .. 69) (1)
a'=(" ' ... 9", (112)
and
(00 — 09) —ol0 . —0 G0
—odl (ot —oll)y ... —oGl!
s = : (113)
—o% —oit o (09 =a5)

Equations (109) through (113)) constitute the adjoint, multigroup S Py equations.
Equation (109)) is identical in form to Eq. (76); thus, all of the machinery that was derived to solve the

multigroup SPpy equations in § [5] starting with Eq. , can be used to solve the adjoint S Py equations.
The only requirements to convert the forward solver to an adjoint solver are:

1. use an adjoint external source (response)

2. take the transpose of the all of the cross section matrices because
=%, (114)

For eigenvalue equations the fission matrix must be transposed as well because Ff = FT

Xoya? XII/O'? . XGZ/U?
X'vol  xlvel ... XGVO'fl

Ff = . (115)
XOVO'fG XluUfG . XGVO'fG

All other aspects of solving the adjoint eigenvalue form of the SPy equations follows from § [f]

8 Matrix System

The multigroup SPy equations have dimension Ny x N,,, x N, where N,,, = (N + 1)/2 is the number of
moment equations and N, is the number of spatial cells. The solution vector u can be ordered in multiple
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ways. As we shall show, the ordering that minimizes the bandwidth of the matrix is to order u in groups-
moments-cells,

u:(uo Up  eer Ume1l U Umtl .- uM)T, (116)

with
m =g+ Nyg(n+cNy,), (117)

where g is the group, n is the moment-equation, and c is the cell.
The matrix system described in Eq. is

Au=Q. (118)

Consider an example SP3; matrix that results from a 4 x 4 x 4 grid with 2 groups and all reflecting boundary
conditions. The total number of unknowns is 256. There 4 equations in cell 0,

(A0 + Cao’ + Cio° + Cio")uo + (Ao + Cio" + Ciot + Ciioua + AY gua + A} us

+00 +01 +00 +01 +00 +01, 0
= Co ua = Cglg us = Gy ure — Cguar — Colg ues — Co g ues = g (119)

1 10 11 11 10 11
(AoooJFCaro JFCSFO JFCcJ)ro )U0+(A300+C(T0 JFCTO JFCSLO Jur + Agi | 0U2+A01 0“3

0%0“ - C+51u5 - CaréOUIG - Co o U17 — Co 0 U64 — Co o' Ues =qp  (119Db)

AIO 0o + AIO oU1 + (All 0 + C+00 + C+00 + C+00)u2 + (A(l)% 0 + C+01 + C+01 + C+01>

2
— CigOUG — Cigllw — 014:80”18 — Cftglulg — Cf’gou% — Ci81u67 = —gqg (119(3)
Al otto + Arg gun + (A1) o + CF " + Cp” + Cifg"Juz + (411 o + Cg' + Ot + Cp us
2
- CI;OUG - C+11U - C+O ulg — Cf_élulg — Cf_o Uge — Cf_o U7 — —gqo (119(1)

Vacuum and source boundary conditions must be coupled over all equations as indicated by Eq. (87)); thus
the size of the matrix will be augmented by N, x N, x N, unknowns where IV, is the number of boundary
cells over all faces. The sparsity plot for a 4 x 4 x 4 grid with isotropic flux boundary conditions on each
face is shown in Fig. [4]
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